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Abstract

Usually, datasets contain imprecise data (noise), which can produce unspected
results on the considered mappings. For instance, this can happen with the
infimum and supremum operators, since both operators are straightforwardly
associated with the universal and existencial quantifiers, respectively. An in-
teresting possibility, of decreasing the impact of this possible noise in the final
results, is the consideration of generalized quantifiers.

This paper introduces four kind of generalized quantifiers based on adjoint
triples, which generalize the current approaches to a more flexible framework.
Different properties and characterizations are studied and they have been ap-
plied to formal concept analysis, presenting the conjunctive and implicative
concept-forming operators in this outstanding theory.
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1. Introduction

Universal and existential quantifiers are considered in many operators, such
as in the composition of boolean matrices, definition of crisp sets, etc. In these
cases an element is considered if all the properties are satisfied (with the uni-
versal quantifier) or if only one property is required (with the existential quan-
tifier). Hence, if there is some noise in the datasets, one object can wrongly
not be considered or be considered, respectively. The natural generalization of
universal and existential quantifiers to fuzzy sets and fuzzy logic is given by the
infimum and supremum operators [0, 23] 25| 26|, [34], which also heritage this
drawback. In order to solve the gap between both notions, generalized quan-
tifiers [10 M2, 24, 27, 28] [42] [43] have been introduced. These new operators
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are intermediate quantifiers between the universal and existential quantifiers,
which can model fuzzy notions such as “Most” or “Many”, providing less strict
quantifiers to the applications.

On the other hand, formal concept analysis (FCA) [30] is a mathematical
framework, which has become an appealing research topic both from theoret-
ical [2, Bl BY] and applicative perspectives [I, 31} 29, 35, 4], 44]. The main
goal of this setting is to obtain information from relational datasets through
different branches. Two of the most relevant are the selection and classifica-
tion of the variables (attributes) more important in the problem to be mod-
eled [B1? , 9, 2], 22, 32], and the computation of relationships among the vari-
ables (attribute implications) [8] 20} 14}, 36]. These applications are based on the
concept-forming operators, which are the two fundamental extractors of infor-
mation. Multi-adjoint concept lattices [37, [38] 40] arose as a flexible fuzzy FCA
framework in which versatile algebraic structures can be considered [I7, 22],
which generalizes other approaches [4, [6] [TT].

In this paper, four alternative definitions of generalized quantifiers will be
defined in the general algebraic structure of multi-adjoint lattices. We will show
that these definitions satisfy similar properties of the monadic quantifiers of
type (1) introduced in [I3] [43] (determined by fuzzy measures [27]), as well as
the useful characterization to simplify the expression of the original definition.
Continuing the first approximation given in [15], this paper will study the use
of these new quantifiers on the definitions of the concept-forming operators in
order to decrease the universal behaviour of the infimum in these operators. We
will focus the attention on the conjunctive and implicative definitions, showing
the main properties, a useful characterization and the relationship with other
interesting approaches. Specifically, we will prove that the implicative concept-
forming operators generalize the ones defined in threshold concept lattices [7]
19l [45], which shows the narrow relationship between these operators and the
implicative quantifiers. Thus, the new generalized quantifiers based on adjoint
triples offer more flexible quantifiers, and their consideration in FCA provides
alternative concept-forming operators that can better absorb some possible noise
usually presents in datasets.

The structure of the paper is as follows. Section |2| recalls the main needed
notions of multi-adjoint concept lattices. The conjunctive and implicative gen-
eralized quantifiers are introduced in Section [3] which are used in Section [
to define the conjunctive and implicative quantifiers concept-forming opera-
tors. This section also contains the characterizations, the relationship with the
threshold concept lattices and different properties. The paper ends with the
conclusions and prospects for future work.

2. Multi-adjoint concept lattices

Multi-adjoint concept lattices arose as a new fuzzy approach to Formal Con-
cept Analysis [40]. Specifically, the philosophy of the multi-adjoint paradigm
was applied to obtain a general framework that could suitably accommodate
different fuzzy approaches given in the literature [0, 11}, 33]. Before including



the main notions of the multi-adjoint concept lattices framework, we need to
recall the basic operators to carry out the calculus in this framework.
Definition 1. Let (P, <1), (P2, <2), (P3,<3) be posets and &: P; x Py — Ps,
i Psx Py = P, \: P3x P, = P, be mappings. We say that (&, ./, \) is an
adjoint triple with respect to (P1,<1), (P2, <2), (Ps, <3) if the following double
equivalence is satisfied:

r<1z/y iff z&y<3z iff y<szN =z

for all x € P;, y € P, and z € P5. The previous double equivalence is called
adjoint property.

Adjoint triples are an interesting generalization of triangular norms and
their residuated implications, since they preserve their main properties but the
conjunctors are required to be neither commutative nor associative. A detailed
study of adjoint triples was presented in [I6, [I8], where the next properties were
proven.

Proposition 2. Let (&,./,\) be an adjoint triple with respect to the posets
(P1,<1), (P2, <3) and (P3,<3), then the following properties are satisfied:

1. & is order-preserving on both arguments.

2. v and \_ are order-preserving on the first argument and order-reversing
on the second argument.

3. Liky =13, Ts/ y=Tq, for ally € Pa, when (P1,<1,11,T1) and
(P3,<3,13,T3) are bounded posets.

4. x&lo=1gand T3\ x = Tg, for allz € Py, when (Ps, <o, Lo, Ts) and
(P3,<3,l3,T3) are bounded posets.

5. 2N L1 =Taand z v/ Lo = Ty, for all z € P3, when (P1,<1,11,T1)
and (P2, <o, 19, T2) are bounded posets.

After introducing the definition of adjoint triple and some properties that
will be used later, we are in a position to recall the notions of multi-adjoint
frame and context.

Definition 3.

o A multi-adjoint frame is a tuple (Li, Lo, P, &1,...,&n) where (L1, <1)
and (Lq, =) are complete lattices, (P, <) is a poset and (&, %, ’\;) is
an adjoint triple with respect to L1, Lo, P, for all i € {1,...,n}.

e A context is a tuple (A, B, R, o) such that A and B are non-empty sets,
R is a P-fuzzy relation R: Ax B — P and 0: A x B — {1,...,n} is
a mapping which associates any element in A x B with some particular
adjoint triple in the multi-adjoint frame (L1, Lo, P, &1, .., &n)-



Given a multi-adjoint frame and a context for that frame, different pieces of
information from databases containing a set of attributes A and a set of objects
B, related to each other by a binary relation R C A x B, can be identified.
These pieces of information are called multi-adjoint concepts and a hierarchy
can be established on them providing an algebraic structure called multi-adjoint
concept lattice.

Definition 4. Let (L1, Lo, P, &1, . . ., &x») be a multi-adjoint frame and (A, B, R, 0)

be a context.

e The concept-forming operators are the mappings T: LZ — L and ¥: L{f —

LE defined, for all g € LE, f € L{ and a € A, b € B, as:

@) = A (Rab) /7 o))
beB

) = N (Ra,b) Now@p f(a))
a€A

e A multi-adjoint concept is a pair (g, f) satisfying that ¢ € LZ, f € L{
and that ¢ = f and f+ =g.

o A multi-adjoint concept lattice is the set

M={(g,f)|ge Ly feLiandg" =f f =g}

in which the ordering is defined by (g1, f1) =< (g2, f2) if and only if g; =<5
ga2, or equivalently fo <1 fi.

3. Conjunctive and implicative generalized quantifiers

Generalized quantifiers were introduced by Stépnicka and Holcapek in [43] in
order to increase the versatility of fuzzy relational compositions in applications.
We are interested in generalizing the notion of generalized quantifier and in order
to reach this goal, two different approaches for defining generalized quantifiers,
by using either the conjunctor or the implications involved in adjoint triples,
will be presented. These approaches will increase the flexibility of the notion of
generalized quantifier given in [43].

Continuing on the line proposed by Stépnicka and Holéapek [43], we will use
fuzzy measures invariant with respect to the cardinality to define new versions
of generalized quantifier. For that reason, we need to recall the notion of fuzzy
measure invariant with respect to the cardinality.

Definition 5. Let U be a finite universe and P(U/) be the powerset of U.
We will say that the mapping u: P(U) — [0,1] is a fuzzy measure, if it is an
increasing mapping satisfying that u(@) = 0 and p(l) = 1. We will say that
the fuzzy measure p is invariant with respect to the cardinality, if the following
condition holds:



If |A| = | B| then pu(A) = u(B), for all A, B € P(U)
where | - | denotes the cardinality of a set.

To illustrate the previous notion, we will show two fuzzy measures which
were exemplified in [43]. Specifically, the mapping p..: P(U) — [0, 1] defined
as pre(4) = %I, for all A € P(U), is a fuzzy measure invariant with respect
to the cardinality. Notice that, if ¢: [0,1] — [0,1] is an increasing mapping
such that ¢(0) = 0 and ¢(1) = 1, then the mapping p,: P(U) — [0,1] defined
as Uy(A) = o(prc(A)), for all A € P(U), is also a fuzzy measure invariant
with respect to the cardinality. The former fuzzy measure p,.. is called relative
cardinality whereas the latter fuzzy measure pu, is called relative cardinality
modified by ¢ or simply modified relative cardinality.

After recalling and exemplifying the concept of fuzzy measure invariant with
respect to the cardinality, we proceed to expose in detail the developed research
work.

3.1. Conjunctive generalized quantifiers

This section will provide a new definition of generalized quantifier where the
calculations with the fuzzy measure are computed by using the conjunctor of
an adjoint triple. Properties related to different computation procedures for
computing the proposed of generalized quantifier in an efficient way will be
presented. It is convenient to mention that the proofs of these properties will
clarify different parts of the ones given in [43]. From now on, we will consider
adjoint triples defined on the complete lattice ([0,1], <) assuming that their
conjunctors have 1 as left and right identity element.

Definition 6. Let U be a non-empty finite universe, F(U) = [0, 1] be the
set of fuzzy sets of U on [0, 1], P(U) be the powerset of U, u: P(U) — [0,1] be
a fuzzy measure invariant with respect to the cardinality and (&, ,”,\) be an
adjoint triple w.r.t ([0,1], <) such that 2 &1 =1& z = z, for all = € [0, 1].

e A mapping Q,: F(U) — [0, 1] defined, for all C' € F(U), as

Q)= \/ (( A C(u)) & u(D)> (1)
DePU) u€D

is called right conjunctive generalized quantifier determined by the fuzzy
measure [i.

e A mapping ,Q: F(U) — [0,1] defined, for all C' € F(U), as

() o

is called left comjunctive generalized quantifier determined by the fuzzy
measure .

Q) =\ (mD

DeP(U)



Notice that, in order to present aesthetic formulas above, we have considered
that D be the empty set although this case does not affect to the computation
since it provides the null value 0.

The universal and existential quantifiers can be obtained from Definition [f]
considering the minimum and maximum fuzzy measures, respectively, as the
following proposition shows. An analogous result can be obtained for a left
conjunctive generalized quantifier.

Proposition 7. Given a non-empty finite universe U, the right conjunctive
generalized quantifiers Qv and Q3 determined by the minimum and mazimum
fuzzy measures py and p3, respectively, which are defined as follows:

uv(D)={1 o NH(D)Z{O e

0 otherwise 1 otherwise

represent the universal and existencial quantifiers. That is, for all C € F(U),
the following equalities are satisfied:

@v(C) = A C)

ueU

Q:(C) = \/ O

ueU

PRrROOF. Considering the universal quantifier @y, we have that the following
chain of equalities hold, for all C € F(U).

e = (( A C(u)> & uv(D)> v (( A c(u)) & uv(u)>

DeP(U) ueD ueld
D#U
=\ ((/\ C(u)>&0> v ((/\ C(u)> & 1)
DePU) u€D ueU
D#U
@A Clu)
ueU

where (a) is obtained by Property 4 of Proposition [2| and taking into account
that & has 1 as right identity element.

Now, we will carry out the proof for the existencial quantifier. For all C' € F(U),
we obtain that:



where (b) holds because & has 1 as right identity element and (c) is obtained

since, there exists uy € U, such that C(uy) = \/ C(u) and clearly the supre-

ueU
mum is reachable for D = {u }. O

It is important to note that the notion of right/left conjunctive generalized
quantifier given in Definition [6] is not suitable, from a computational point of
view, since the computation over all sets from P(U) is required. We propose
an alternative computation procedure which makes use of the property of being
invariant with respect to the cardinality of fuzzy measures, in order to compute
the conjunctive generalized quantifier in a more efficient way.

Theorem 8. Let U = {u1,...,u,} be a universe and Q,, and ,Q be the right
and left conjunctive generalized quantifiers, respectively, determined by a fuzzy
measure u invariant with respect to the cardinality. Then,

QM(C) = C(uﬂ'(i)) & N({u17 e 7“1})

=

@
Il
-

MQ(C) = :u‘({ula v 7uz}) & C(uﬂ'(l))

-

s
Il
—

for all C € F(U) and where 7 is a permutation on {1,2,...,n} such that
Clur1)y) > Cun2)) =+ = Cltn(n))-

PROOF. Since both equalities are similar, only the first one will be proved.
Consider an arbitrary fuzzy set C' € F(U) and a permutation 7 on {1,2,...,n},
such that C(ur)) > C(un(2)) > - -+ > C(ur(n)). Hence, we can ensure that the
following equality holds:

C(uns)) = N C(u)

ue{uﬂ'(l)a--wuﬂ(i)}



which implies that, if |D| = ¢ then:

ue{uﬂ(l)7~~-7u1r(i)}

Moreover, if | D| = i then there exists j > i such that u,(;) € D and therefore,
the following chain of inequalities is satisfied:

A Clu) < Clugy) < Cluggy) = A\ C(u)
u€D ue{uﬂl),...,uﬂ(i)}

Therefore, by the monotonicity of &, we obtain that:

( A C(U)) & p(D) < A Clu) [ & p(D) (4)

ueb u€{tin(ry, Ui }

Moreover, by the supremum property, we have that:

\V (ACWO&MM \ (ACWO&MM

DePU) \ueD DePU) u€D
|D|=i |D|=i
D#{uw(1)7~~-7u«(1)}

\/ /\ C(u) | & p(D) (5)

HG{uﬂ(nw-»uwu)}

ue{uﬂ(1)7"‘1u7\'(i)}

(2 C(uﬂ-(l)) & M({ub --'7ui})

where (a) is deduced by Equation and (b) by Equation . Finally, the
following chain of equalities can be deduced:

Q) = ((Acmﬁ&uwo

DeP) \ \ueD
=V V(A ew)sun)

i=1 \ DePU) ueD

|D|=i

©
=\ Clunw) & p({ua, ..., us})

i=1

where (c) holds from Equation (). O



The following result proposes to compute the right and left conjunctive gen-
eralized quantifiers considering a fuzzy measure built from the relative cardinal-
ity, which arises as a direct consequence of Theorem 3.

Corollary 9. Let U = {uy,...,u,} be a universe, ¢: {1,...,n} —[0,1] be an
increasing mapping such that ¢(1) =1 and p be a fuzzy measure built from the
relative cardinality, by using . Then, for all C € F(U), we have that

QuC) = C(urs)) & p(i/n)

-

@
Il
—

nQ(C) = p(i/n) & Clur)

.

N
Il
—

where 7 is a permutation on {1,2,...,n}, such that C(ux1)) > C(ur)) >
. 2 C(uw(n))-

8.2. Implicative generalized quantifiers

In this section we are going to extend the notion of generalized quantifier to
the case in which the measure is operated through the implication N or . We
consider the same framework of the previous section, i.e., we will work with an
adjoint triple (&, ") defined in the complete lattice ([0,1], <) and we will
require & to satisfy the boundary condition with 1 in both arguments. Likewise,
the results analogous to those of the previous section are established. Its proofs
are completely similar to those of the previous results, so they are omitted.

Definition 10. Let U be a non-empty finite universe, F(U) = [0,1]¥ be the
set of fuzzy sets of U on [0,1], P(U) be the powerset of U, p: P(U) — [0,1] be
a fuzzy measure and (&,./,’\) be an adjoint triple w.r.t ([0, 1], <) such that
z&1=1&x =, for all z € [0,1].

e A mapping Q;{: F(U) — [0,1] defined, for all C' € F(U), as

Q)= N\ (( \ C(u)) N mD)) (6)

DePU) ueD

is called down implicative generalized quantifier determined by the fuzzy
measure [i.

e A mapping Q> : F(U) — [0,1] defined, for all C' € F(U), as

QN = N\ (( V O(u)> AN u(D)> (7)
De P(U) u€D

is called up implicative generalized quantifier determined by the fuzzy
measure fi.



In this case, the existential and universal quantifiers can be obtained from
Definition [10| considering the minimum and maximum fuzzy measures, respec-
tively. An analogous result can be obtained for the respective up implicative
generalized quantifier.

Proposition 11. Given a non-empty finite universe U, the down implicative
generalized quantifiers Q;{V and Ql{a determined by the minimum and mazximum
fuzzy measures py and p3 represent, respectively, the existencial and universal
quantifiers. That is, for all C € F(U), the following equalities are satisfied:

Qs(C) = \/ Cw
ueu

QL (C) = N C
ueU

When the measure is invariant with respect to the cardinality, the follow-
ing characterizations hold, which are similar to the ones given to conjunctive
generalized quantifier.

Theorem 12. Let U = {uq,...,u,} be a universe and Q;{ and Qu\ be the
down and up implicative generalized quantifiers, respectively, determined by a
fuzzy measure p invariant with respect to the cardinality. Then,

Q)/ /\ C u7r () 1/ /,L({Uh . })

=1

QN (C /\ Clur@) N\ p({u, ., ui})
for all C € F(U) and where 7 is a permutation on {1,2,...,n} such that
This last result can also be rewritten as follows.

Corollary 13. Let U = {u1,...,un} be a universe, p: {1,...,n} — [0,1] be
an increasing mapping such that (1) = 1 and p be a fuzzy measure built from
the relative cardinality, by using p. Then, for all C € F(U), we have that

QL (€)= N\ Cluna) & ¢lifn)
QO) = N\ Cluma) ™ wlifn)

&
Il
-

where 7 is a permutation on {1,2,...,n}, such that C(ur1)) < Clur)) <

10



4. Formal-concept operators with generalized quantifiers

This section will use generalized quantifiers to provide formal-concept op-
erators with a weaker existential character. From the definitions introduced in
the previous section we have two possibilities depending on if conjunctive or im-
plicative generalized quantifiers are considered. From now on, a multi-adjoint
frame (L1, Lo, P, &1, -, &n), with Ly = Ly = P =[0,1], a context (4, B, R,0)
and an extra adjoint triple (&,.,"\\) on [0, 1] will be fixed.

The following definition uses the conjunctive version to present a general-
ization of the usual fuzzy concept-forming operators on multi-adjoint concept
lattices. Notice that four possibilities exist considering the two quantifiers Q,,
and ,Q. Since all of them have similar main properties, only one will be defined
next.

Definition 14. Given two families of fuzzy measures {u% | b € B}, {u% | a €
A} on A and B, respectively, which are invariant with respect to the cardinality
and 5Q, Q% the quantifiers determined by the fuzzy measures pu% and p%,
respectively, the conjunctive quantified concept-forming operators are denoted
as Ta@: LB — L4 and 188 L{ — LB where L¥ and L{ denote the set of
fuzzy subsets g: B — Ly and f: A — L1, respectively, and are defined, for all
geLf felfandac A be B, as:

ger(a) = \/ (/\ R(a,b) /7" g(b)> & pp(X) (8)

XeP(B) \bex

%)

Vo )& (/\ R(a,b) No(ap) f(a)> 9)

YeP(A) acyY

The previous definition has been selected from the four possibilities for the
simple reason that & be analogous to the adjoint triples of the lattice, or even
equal to one of them, evaluating “attributes” in the left argument and “objects”
in the right one.

From Corollary [9] we obtain the following characterization of the conjunc-
tive quantified concept-forming operators, where the fuzzy sets (pf’4 and % are
defined from the two fuzzy measures % and u% as follows:

uGi/m) = phl{a, ... a;})
ep(i/n) = pp({br,...,bi})

forall i € {1,...,n}, j € {1,...,m}, a € A, b € B, subsets {a1,...,a;} C A,
{b1,...,b;} C B, with |[A| =m and |B| =n.

Proposition 15. In the framework of Definition the quantified concept-

11



forming operators Ta¢: LB — L{* and e L{ — LB satisfy:

g9 (@) = \/ (B(@,br,w) 7@ glbr,i)) & wlifn)  (10)
i=1
P =V /M) & (Rlax,):) Notan, o Flax)) (11

<.
I
—

or all g € LB, e LY anda € A, b € B, where m, and Xy are permutations
g 2 1
such as:

R(a,br, (141)) 7@ 0) g(br i101) < R(a:br, i) 7P g(br, )
R(ax,(j+1):0) No(as, 110 FaxG+1) < Rlax,(),0) No(as, ;.0 f (@)

PrOOF. The proof straightforwardly follows from Definition [14]and Theorem
d

As a consequence, Definition [14] provides a quantified version of the concept-
forming operators, which reduces the existential character of the original ones.
For example, given the fuzzy measures p%: B — [0,1], u%: A — [0,1] defined
as

u 1 fX=BorX=DB\{b},withbe B
(X) = y
0 otherwise

b 1 ifY=AorY =A\{a}, withae A
(Y) = .
0 otherwise

foralla € A, b e B, X € P(B),Y € P(A). They clearly are invariant with
respect to the cardinality and the associated fuzzy sets ¢% and (p% are defined
as

1 ifi=nn-1

0 otherwise

¢p(i/n) = {

. 1 ifj=mm-—1
¢uGi/m) = {

0 otherwise
for all ¢ € {1,...,n}, j € {1,...,m}, with |B| = n and |A] = m. From
Proposition we can easily show that the consideration of these measures

reduce the existentially character of the original definition removing the worst
case, that is, the smallest value of the computation: R(a,bs,(n)) O (@bra )

9(br,(ny) and R(ax,(m),b) \g(akb(m),b) f(ax,(m)), respectively. Therefore, for
instance, instead of obtaining:

g'a) = A (R(mb) b g(b)> = R(a,br, () 707 (b, ()
beB

12



az || 0.25 | 0.5 | 0.75
az || 025 | 0.5 | 0.5
a4 0 0.75 1

Table 1: Relation R of Example

by the definition of the permutation 7,, we obtain that

g'or(a) =

<z

(Rl@braw) @070 glbr, ) & @ (i/n)

<.

. s,
<= \3||<: L

(R(a, by (iy) (@ Oma®) g(bwa(i))) &1
1

(R(m b, (i) o (@bma®) g(bwa(i)))

—1

7b7ra(n71)) \/U(aqbﬂa("il)) g(bﬂ'a(nfl))

Il
3

=
D

where the first and second equalities follow from the boundary condition of &
with respect to the bottom and top elements in [0, 1], and the last equality holds
by the definition of m,,.

Example 16. Let ([0,1],&q, &) be the multi-adjoint frame composed of the
compete lattice ([0,1], <) and the Godel and Lukasiewicz conjunctors, &g and
&1, respectively (for more details, see [16]). The considered context (A, B, R, o)
is composed of the set of attributes A = {a1,as,as,as}, the set of objects
B = {by, by, bs}, the relation R: A x B — [0,1] displayed in Table [16] and the
mapping o is defined, for all a € A and b € B, as:

o(a,b) = a&rb ifa=as
’ a&ab otherwise

In order to illustrate the characterization of the conjunctive quantified concept-
forming operators, we consider the product conjunctor & p: [0,1] x [0,1] — [0, 1]
defined as x &py = = *x y, for all z,y € [0,1], the fuzzy sets g: B — [0,1],

13



0% {1,2,3} — {0,1} and ¢%: {1,2,3,4} — {0,1}, which are deﬁnecﬂ as:

1

9®) = {0.5
P/ = {(1)
A = {;

if b=bs
otherwise

if i € {2,3}

otherwise

if j € {3,4}

otherwise

forallb € B, a € A, and the following permutations 7, , Ta,, Tas, Ta, : {1,2,3} —

{1,2,3} defined as:

ﬂ-al (Z)

Tas (Z) = Tag (Z) = Tay (Z)

We fix the attribute a; and we check that
and 1 = 2:

2 ifi=1
= 1 ifi=2
3 ifi=3
2 ifi=1
= 3 ifi=2
1 ifi=3

the next inequality holds for ¢ = 1

R(alabnal(i+1)) /U(al,bwal(i+l)) g(bﬂal(i+1)) < R(alabnal(i)) /U(al,bﬂ'al(i)) g(bwal(i))

e Casei=1.

R(ah bﬂ'a1 (2)) \/U(ahbwal ®) g(bﬂ'al (2))

R(ay,by) /7" g(by)

0.75 /% 0.5

1,905

R(ay,by) /710 g(by)

R(a1,br, (1)) 7 710 g(be, (1)

I VAN |

INotice that, due to the definitions of (pf’q and ¢%, any adjoint conjunctor could be con-
sidered satisfying the boundary condition with the top element.

14



e Case i = 2.

R(a1,bx,, (3)) 701 g(br, 3)) = Rlar,bs) 7 g(by)

0.75 /%1

0.75

1

0.75 /¢ 0.5

= R(a1,b1) /7" g(by)

= R(a1,bn,,2) 7 g(br, (o)

Analogously, it can be proven that the inequality

R(a, by (i11)) o 7@ Pma) g(by iy1)) < R(a, b, (i) o 7@ ma@) g(by i)

is satisfied for ¢ € {1,2}, when a € {a2,as,a4}.

Since the hypotheses required in Proposition [15] are satisfied, we can apply
the characterization of the conjunctive quantified concept-forming operators,
obtaining the following chain of equalities:

IA

—.

N
Il
-

g'es (a) = R(ay,br,, () 7“0 mar @) g(bm(n)) &p ¢ (i/3)

R(ay,br,, () /7“0 mas ) g(bmm)) &p 1

~
I|
o
S
—

I I
<l <]

N
|
o

R(a’lv b7Ta1 (1)) \/U(al’bﬂ-al (i)) g(bﬂ'al (l))>

_ R(al, bﬂ—al (2)) /U(a1,bwa1(2)) g(bWa1(2))
= R(ay,by) /") g(by)
= 075,°05=1

Notice that, the second and third equalities are deduced from the boundary
condition of &p with respect to 0 and 1, and the fourth equality holds by the
definition of 7, .

Following an analogous reasoning to the previous one, it is easy to check the
following equalities:

g’z (a) = R(az,br, (2)) 7" 2@ g(br, (2)

= R(az,b3) /7" g(bs)
= 075,%1=0.75

919 (a3) = R(ag,br, ) 775 glbr, (2)

= R(as,bs) ,7“>) g(bs)
= 05,91=05

15



9197 (1) = R(as,br,,2)) 7“0 g(bs ()

= R(as,bs) /7"") g(bs)
= 1,M1=1

Therefore, g'es = (a1/1,a2/0.75,a3/0.5,a4/1). As it was previously com-
mented, these values correspond to the second smallest values in the computa-
tion of the original concept-forming operators (Definition .

g'(a1) = inf{R(a1,b) /© g(b)|be B} =inf{1,1,0.75} = 0.75
g'(a2) = inf{R(as,b) /© g(b)|be B} =inf{0.25,1,0.75} = 0.25
g'(az) = inf{R(a3,b) ,© g(b)|bec B} =inf{0.25,1,0.5} = 0.25
g'(as) inf{R(a4,b) /¥ g(b) | b€ B} =inf{0.5,1,1} = 0.5

Hence, the quantified concept-forming operators can correct some possible
noise in the data. For example, the value R(a4,b1) = 0 could be given by the
user because he/she did not know the relationship between a, and b; instead
of that b; does not have attribute ay. Hence, this error from the user will
provide that g'(as) = 0.5, however, it would be more convenient to consider
g'es (aq) = 1, of course, taking into account that a value is not considered and
we are obtaining conclusions without the consideration of all dataset. In this toy
example with only three objects, the quantifier operators provide great changes,
but in bigger datasets, this consideration is more convenient.

From now on, we consider the fuzzy set f: A — [0,1] defined as

1 if a € {a1,a4}
fla) = 0.75 ifa=aq
0.5 ifa=uas

and the permutations Ap,, Ap,, Apg: {1,2,3,4} — {1,2,3,4} defined as:

1 ifj=1 1 ifj=1 2 ifj—1
N EE TS N ER T N EE TS

Ay, () = A, () = Ay, () =
nli) =9, ifj—3 wl) =9, ifi—3 wli) =9, ifj=3
4 ifj=4 2 ifj=4 1 ifj—4

in order to compute fV‘Q (b), for all b € B, by using Proposition Fixed b € B
and making simple computations, it can easily be checked that the following
inequality holds, for all b € B and j € {1,2,3}:

R(ax,(+1),0) Noar, 100 FanG+)) < R(axn,6),0) Notay, ;)0 f(@xn6)

Fixed the object by, under the conditions of Proposition we can apply
the characterization of the conjunctive quantified concept-forming operators.
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Taking into account the boundary condition of &p with respect to 0 and 1 and
the definition of the permutation A, , we deduce the following chain of equalities:

<=~

Q .
) = 0% (j/4) &p (R(axbl (702 01) No(ar, (y.b1) f(aAbl(j))>

<.
Il
—

|
<=

1 &p (R(cu,,1 ) 01) \a(akbl(j),bl) flax,, (j)))

<.
[
w

|
<=

(R(a)\bl (4)> b1) \G(akbl(j)’bl) f(G’)\bl (j))>

<.
Il
w

= Rlax, 3),01) No(ar, @00 flax, )

= R(a27 bl) ,\U(ag,bl) f(a’2)
= 0.25N¢0.75=0.25

Analogously, we compute f+4%(by) and f+*%(b3) as follows:

Q
F77 (b)) = Rlan,,3),b2) No(ar,, b2 F(@n,(3))

= R(as,b2) No(asbs) f(as)
— 0755y 1=0.75

Q
77 (bs) = Rlax,,(3),bs) Noan,, @:0s) F(@ng(3))

= R((Z4, b3) \U(a4,b3) f(a4)
- 1Rpl=1

Thus, f+° = (b1/0.25,b2/0.75,b3/1). This example illustrates that the
fuzzy sets ¢p and ¢4, which are used in the definition of the conjunctive
quantified concept-forming operators given in Proposition reduce the ex-
istential character of the original definition. Specifically, the smallest values
involved in the computations of g'@s(a) and fiAQ(b) are removed, that is
R(a, by, 3)) 7 (@bra(3) g(bx,(3)) and R(ax,(4),b) ,\U(axbu)vb) f(ax,()), respec-
tively. It is also important to mention that the use of the characterization of
the conjunctive quantified concept-forming operators (Proposition , instead
of the operators given in Definition remarkably reduce the calculations. O

Now, we will study the dual definition with respect to the implicative gener-
alized quantifiers. Depending of the selection of implications " and N\, we also
have four possibilities to define the implicative quantified concept-forming oper-
ators. Next, we consider one of these possibilities and the rest can analogously
be defined.

Definition 17. Given a multi-adjoint frame and a context for that frame,
{pb | b € B}, {u% | a € A} two families of fuzzy measures on A and B,
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respectively, which are invariant with respect to the cardinality and QZ, Q%
the quantifiers determined by the fuzzy measures pb and p%, respectively, the
implicative quantified concept-forming operators are denoted as M@ : L¥ — L4
and ¥ L{ — LB where LP and L4 denote the set of fuzzy subsets g: B —
Ly and f: A — Ly, respectively, and are defined, for all g € LE, f € L{* and
a€ A, be B, as:

ge@ = \/ (/\ R(a,b) /7P g(b))/ % (X) (12)
XeP(B) \beX

e

me o= (/\ R(a,b) No(ap) f(a)>”\ pH(Y)  (13)

YeP(A) \agY

As in the conjunctive case, Corollary [J] provides the following characteriza-
tion of the implicative quantified concept-forming operators, where the invariant
with respect to the cardinality fuzzy measures pb and pé% are associated with the
fuzzy sets ¢%: {1,...,m} — [0,1] and ¢%: {1,...,n} — [0,1], where |A| = m
and |B| = n.

Proposition 18. In the framework ofIDeﬁnition the quantified concept-
forming operators T1@: L¥ — L{t and + ° L — LB satisfy:

g(@) = N\ (Blbrm) 7O glbn, ) & Shlim) (1)
=1
PO = A (R@nmb) Notan o Flaxg)) N\ @ai/m)  (15)

<.
Il
—

forallge LY, f €L
such as:

R(a,br, (i) " @tma@) g(br ) < R(a,br,(iv1)) 7 @matr0) g(be (i41))
R(akb(j)’b) ’\O'(H'Ab(j)vb) f(a/\b(j)) < R(akb(j-ﬁ-l)vb) \U(axb(ﬂl),b) f(akb(j-ﬁ-l))
PROOF. The equalities clearly hold by Definition [I7] and Corollary [0}

=

and a € A, b € B, where m, and Ay are permutations

As a consequence, Definition [I7] provides a new quantified version of the
concept-forming operators, which reduces the existential character of the orig-
inal ones using, in this case, the implicative type. Although the conjunctive
and implicative quantified concept-forming operators are different and provide
different results, in general, they can coincide in some particular cases. For
example, from Proposition [I8] we can easily show that the consideration of the
measures u%: P(B) — [0,1], u%: P(A) — [0, 1] defined as

u 0 ifX=0orX={b},withbe B
(X) = .
1 otherwise

0 fY=@gorY ={a}, withae A
P (Y) = )
1 otherwise
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forall a € A, b e B, X € P(B), Y € P(A), also corresponds to remove the
worst case, that is, the smallest value of the computation: R(a, bw(1)) /”(“’bw(1>)
9(br(1)) and R(ax(),b) No(aa).b) f(ax()), respectively. Notice that fuzzy sets
©% and ¢% associated with these measures are defined as

0 ifj=1
1 otherwise

0 ifi=1
1 otherwise

forallae A,be B, je{l,...,m},i€{l,...,n}, with |[A] = m and |B| =n.

We will consider this case to illustrate the characterization of the implicative
quantified concept-forming operators given in Proposition [I8] in the following
example.

©h(i/m) = {

¢i(i/n)

Example 19. Given the multi-adjoint frame and context of Example [I6], we
will consider the same fuzzy sets g, and the fuzzy set p% and ¢’ defined as:

1 ifi=1
%(i/3) =
P (i/3) {O otherwise
1 ifj=1
b .
4) =
Pali/y) {0 otherwise
In addition, the implications /¥ and N\ p associated with the product con-
junctor &p will be the implications  and N, respectively, used in Proposi-
tion Notice that, ,/F="~p since the product conjunctor is commutative.
For more details, see [16].
Since the same context and mappings have been considered, now the per-
mutations are the opposite of the ones considered in Example Hence, the
permutations o, , Tays Tags Ta, : {1,2,3} — {1,2,3} are defined as follows:

3 ifi=1

Ta () = {1 ifi=2

2 ifi=3

1 ifi=1

Tay (1) = Tag (1) =g, (i) = (3 ifi=2
2 ifi=3

Therefore, the conditions required in Proposition [[§ are fullfilled and we
can apply the characterization of the implicative quantified concept-forming
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operators. Specifically, we have that:

3

g (@) = N\ (R(al,bmluﬂ @b @) g(b )) T oH(i/3)

=1
= inf{(0.75 ,/“ 1) /T 0,(0.75 /¢ 0.5) /T 1,(1 ¢ 05) /T 1}
= inf{0.75 /Y 0,1 /P 1,1 /P 1} =inf{1,1,1} =1
3
g"%(az) = N (R(CLQ?b‘n’az(i)) 7L braz @) 9(bx,, (i))) T pEi/3)
i=1
= inf{(0.25 /¢ 0.5) .7 0,(0.75 1) /T 1,(0.5 9 05) /" 1}
= inf{0.25 % 0,0.75 /P 1,1 ,F 1} = inf{1,0.75,1} = 0.75
3

g"(ag) = N (Rl@3,bryy ) 7m0 glbr, 1)) 7 65 /3)

=1
= inf{(0.25 /¢ 0.5) T 0,(0.5,91) /T 1,(05,505) /F 1}
= inf{0.25 /Y 0,05 /F 1,1 7 1} =inf{1,0.5,1} = 0.5

3
g"(ar) = N (Rl@1br, ) 7 glbr, 1)) 7 S /3)

=1
= inf{(0 " 05) 70, (1 1), 1,(075,%05) "1}
= inf{0.5 70,1, 1,1 /P 1} =inf{1,1,1} =1

Notice that g"@ = (a1/1,a2/0.75,a3/0.5, a4/1) coincides with g'@s computed in
Example as we previously observed. Now, we show that f Ve (b) also is equal

to fiA("2 (b) (computed in Example . For that purpose, we consider the fuzzy
set f given in Exampleand the opposite permutations Ay, , Ap,, Aoy : {1,2,3,4} —
{1,2,3,4}, that is:

4 ifj=1 2 ifj=1 1 ifj=1
, 9 ifj =2 . 4 ifj =2 , 4 ifj=2

A = A = A =
1 ifj=4 1 ifj=4 2 ifj=4

Fixed b € B, it can be checked in an easy way that the next inequality

R(akb(j)’ b) \U(GAbm»b) f(G’)\b(j)) < R(a)\b(ﬁ-l b) \U (ax, (j+1),b) f(aAb J+1))
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holds, for alla € A and j € {1,2,3}. Hence, applying Proposition we obtain:

4
N (R(a)\bl(j)abl) No(ar,, o)1) f(%,l(j))> e ©%(i/4)

Jj=1

= if{(0Xp 1) "p 0,(0.25 X 0.75) Np 1, (0.25 \¢ 0.5) Rp 1, (0.75 " g 1) Kp 1}
inf{0X_p 0,0.25 \p 1,0.25 \p 1,0.75 X p 1}
= inf{1,0.25,0.25,0.75} = 0.25

4

/\ (R(axbz(j),bz) Noax,, ):b2) f(a/\bz(j))> e 2 (i/4)

j=1

= if{(0.5 ¢ 0.75) "p 0,(0.75 N1 1) \p 1, (0.5 NG 0.5) \p 1, (1 X6 1) \p 1}
inf{0.5~p 0,0.75 < p 1,1 ~p 1,1 Np 1}
= inf{1,0.75,1,1} = 0.75

4

A (R(a)\bS(j)vbB) Ny, 7):b5) f(a)\z,g(j))> e 9% (i/4)

j=1

= mf{(0.75 e 1) \p 0, (1L 1) Np L, (05 Na 0.5) Np 1, (0.75 \g 0.75) Xp 1}
= 1Df{075 ’\p O,l ’\p 1,1 ’\p 1,1 ’\p 1}
= inf{1,1,1,1} =1

£ ()

£ (b)

—~
S

w

~

Thus, f¢IQ = (b1/0.25,b2/0.75,b3/1), which is equal to f“Q, computed in Ex-
ample As we mentioned previously, in general, both quantified concept-
forming operators are different and provide different point of views. O

The following section relates the implicative quantified concept-forming op-
erators with a well-know framework, which has been used in the reduction pro-
cedure of concept lattice.

4.1. Comparison with threshold concept lattices

In the literature there exists a philosophy, whose concept forming operators
have a similar syntax to the ones given here with implicative generalized quan-
tifiers. Variable threshold concept lattices [7l, 19 45] consider a threshold for
normalizing the concept-forming operators used in different fuzzy concept lat-
tice frameworks [I9]. This section will recall the definitions given in [I9] on the
unit interval and will show a comparison with the definitions introduced above.

Definition 20 ([19]). Given two thresholds d1, 2 € [0, 1], the threshold concept-
forming operators o2 : LB — LA and iAo LB, are defined as following

g (@) = N (Rla.b) /7 g)) /b (16)
beB

PO = N (Ba,0) N Fla) N6 (17)
a€EA

forallge LB, fe LA anda € A, b€ B.
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Other combinations of the implications , and ~_ were also studied in [19]
and, as a conclusion, the authors proved that the case given above has better
properties and so, it is the most suitable to be considered. The following result
shows the relationship with operators given in Definition [I7]

Proposition 21. In the framework of Definition given 81,02 € [0,1], the
fuzzy measures

1 ifX=B Ly =4
pEP(X) =40 fX=0  pV)={0 ifY=0
0o  otherwise 01 otherwise

and the fuzzy sets g € LB, f € LA. If the following inequalities hold for all
a€ A be B,

(R(a,bﬂa(n) 7@ ) (b, (1) )) 02 < R(aybyy(ny) ") g(by ()

(R(axbu),b) N (ar,asb) f(a,\bu))) N < R(ax,(m):0) Noy(a,omb) f(@x,0m)
were T, and X\, are permutations satisfying:

R(a, b, () 7m0 gbr, 1) < R(a,br, (i41)) 7@ ma0) g(br (i41))
R(ax, (), ) No(ar, 0 [@n@) < Rlax,+1):0) No(ar, g0 F@xG+1)
then we obtain that

ghe =gt =
PROOF. Given g € L, we will prove the first equality. The other one holds

similarly. Since  is increasing in the consequent, by the definition of m,, we
have that

(R( (1)) 7 (@Pma) (bﬂ(l)))  6s < <R(a, b, (i)) 7@ g(by (z))) v 02
(18)

for all ¢ € {1,...,n}. Moreover, the mapping ¢% associated with the fuzzy

measure uansZ satisfies that % (1) = 1 and ¢%(i/n) = o, for all i € {1,...,n—

1}. Therefore, for every a € A we have

n

g"@) = N\ (B(@,beyw) 7 gbn, i) #BLi/m)

i=1

nfl
_ ( R(a,b, () /a(a b (i) g(b wa(i))) Ve 52> /\ (R(a,bﬂa(n)) /a(a,bm(n)) g(b‘n'a(n)))

i=1
@ (R @, b, (1)) 7P g(by (1))) /52/\< (0, () (@O g(bﬂ'a(n)))
@ ( (a, (1))\/0((1 bra) g( wa(l))) v 02
DA (Rlav) 7 g0) 6

beB
= g'2(a)
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where (1) holds by Equation (18], (2) by hypothesis and (3) by the definition
of m, and Equation . O

This result and the definitions of T2 and + displays and justifies the possi-
bility of considering in the definition of generalized quantifiers non-normalized
measures, that is, we can take into account increasing mappings 7: P(U) —
[0,1], with 7(@) = 0 and invariant with respect to the cardinality, without
the requirement that 7(U/) = 1. Clearly, these mappings are also bounded by
the maximum fuzzy measure, i.e. 7 < pg. In that case, we can consider the
mappings

0 fX=o 0 ifY=0o
TEX) =4 D)y =80
do otherwise 61 otherwise

and Proposition [21] is rewriting as follows.

Proposition 22. In the framework of Definition[I7, considering the mappings
T%"SQ and TZ"SI, we have that

gTrQ — gTsz fUQ _ fl51
forallge L8, f € L{.

PROOF. The proof follows similarly to the one given to Proposition [21] taking
into account that in this case the mappings 7';;62 and TZ"SI are equal to o and

61 on B and A, respectively, instead of 1. O

Therefore the threshold concept-forming operators can be seen as partic-
ular cases of implicative quantifier concept-forming operators. This fact also
highlights the relevance of the new operators considered in this paper.

4.2. Properties of quantifier formal-concept operators

The first property we highlight is the monotonicity of both, the conjunctive
and implicative quantified concept-forming operators. Since & is monotonic,
then the conjunctive quantified concept-forming operators clearly are mono-
tonic. Moreover, due to the implicative quantifiers evaluate the fuzzy set on
the consequent and the implication is increasing in this argument, then the
implicative quantified concept-forming operators also are monotonic.

The following result shows that the pair 724 and +°% form an antitone Galois
connection, when the minimum fuzzy measure py is considered.

Proposition 23. Given the quantifiers 4\Q and Q% determined by the minimum

fuzzy measure py on the universes A and B, respectively, then the pair (TQYB , TY&Q)
is an antitone Galois connection.
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PROOF. The proof holds because the universal quantifier provides the original
definitions of the concept-forming operators, that is oy =1 and e = 1.
Due to the permutations 7, and )y in Definition |14} we obtain that R(a, bx,(»)) (@0 )
G(bx,(n)) and R(ax,(m),b) \”(axbm)»b) f(ax,(m)) are the least elements of the
sets

{R(a,b) 7@ g(b) | b B}
{R(a,;b) No(@ap) fla) |a€ A}

respectively. Therefore, oy — 1 and e = 1. O

Notice also that the pair (752,“1) is not a Galois connection in general.
In [19], different properties of 752 and 1 were studied, where diverse ones were
focused on providing sufficient conditions to ensure that T2 and ¥ form a
Galois connection. For example, when §; = d2 and the conjunctor operators
are associative, then we can assert that (Tf?l,yl) is a Galois connection. For
instance, these hypotheses hold in the variable threshold frameworks considered
n [7, 45], in which residuated lattices are considered.

Hence, clearly, in the framework of Proposition the pair (TIQ,im) is a
Galois connection. The following example shows that this fact does not hold
when the fuzzy measures considered in Proposition |21 are considered.

Example 24. Given the frame ([0, 1], &¢ ), where & is the Goédel t-norm, the
context (A, B, R,0), where A = {ay,a2}, B = {b1,b2}, R is defined in Table
and o is constantly &¢, and the mappings g: B — [0, 1], f: A — [0, 1], defined
as g(b1) = 0.8, g(bs) = 0.8, f(a1) =1, f(az) =0.8.

Table 2: Relation R of the context of Example [24]

R | by | b
aq 0.4 1
az | 0.7 1 0.8

Moreover, we consider the following fuzzy measures

1 if X =B 1 HYy=A4
pEHX) =40 X =0 W vy=4o0 iy =0
0.4 otherwise 0.4 otherwise

for all @ € A and b € B. We will prove that the adjoint property does not hold
in this case, that is, we will see that f < gTe, but g £ f¢

Since R(a1,by) ,/G g(b1) = 04 % 0.8 = 0.4, and R(al,bg) G g(by) =
1.,/50.9 =1, we have that

g (a;) =inf{0.4 904,151} =1
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Analogously, we obtain that

g% (ay) = inf{0.7 € 0.4,0.8 /¢ 1} = 0.8
Hence, f < g"@. On the other hand, we have

) = {04RG04,078¢ 1} =07

) = {(1N6 041861} =1
Thus, g £ fim.

Example [16| provides a pair of conjunctive quantified concept-forming oper-
ators, which does not form a Galois connection. In this example, we have that
9= (b1/0.5,b2/0.5,b3/1) £ (b1/0.25,b2/0.5,b3/1) = gTaat™?.

Hence, as a consequence, in general the quantifiers concept-forming operators
do not form a Galois connection. The following example shows an example of
Galois connections.

Example 25. Considering the context in Example 24] and the fuzzy measures

1 if X =B 1 HY=A4
p3(X)={0 ifX=0 w03 (v)y=430 ify=o
0.8 otherwise 0.8 otherwise

for all @ € A and b € B. The pair (TIQ,JQ) is a Galois connection and it has
three concepts:

C(I)Q = ((b1/0-4ab2/1)a(a1/17a2/1))
o ((b1/0.7,b2/1), (a1/0.4,a5/1))
o3 ((by/1,b2/1), (a1/0.4,a2/0.7))

where each mapping is represented by an ordered pair. The Hasse diagram of
the obtained concept lattice is on the left side of Figure

Notice the difference from the usual concept lattice. Considering the non-
quantified concept-forming operators we have the lattice in the right side of
Figure [I] and the obtained concepts are the following:

Co ((b1/0.4,b2/0.8), (a1/1,a2/1))
Cy = ((b1/0.4,b2/1),(a1/1,a2/0.8))
Cy = ((b1/0.7,02/0.8), (a1/0.4,a2/1))
Cs3 = ((b1/0.7,b2/1),(a1/0.4,a2/0.8))

04 = ((bl/l, bg/l), (a1/0.4,a2/0.7))

Thus, these quantifiers provide concept-forming operators similar to the ones
considered in the threshold concept lattices, which offer a reduction of the orig-
inal concept lattice. t

More properties of the new conjunctive and implicative quantified concept-
forming operators will be studied in the future.
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Figure 1: Concept lattices of Example@

5. Conclusions and future work

Four generalized quantifiers have been defined, two conjunctive and two
implicative ones, which generalize the monadic quantifiers of type (1) deter-
mined by fuzzy measures introduced in [I3, 43]. We have proven they also
have the universal and existencial quantifiers as particular cases. Moreover,
efficient characterizations have been obtained in order to simplify the original
definitions. These quantifiers have been applied to obtain quantified concept-
forming operators. From the four definitions 16 different possibilities of defining
the concept-forming operators exist, this paper has considered one conjunctive
and one implicative. However, any combination can be considered and similar
properties can be obtained.

We have also proven that the implicative quantified concept-forming opera-
tors generalize the operators given in the threshold concept lattices [7, 19, [45],
which highlights the interest of these operators and shows a possible interpre-
tation. Furthermore, different examples have been introduced. For instance,
we have presented a particular case which absorbs some possible noise in the
data removing the smallest value in the computations of the concept-forming
operators and so, decreasing the impact of the infimum operator and consid-
ering the second smallest value. Finally, we have shown different preliminary
properties, which will be increased in the future. Moreover, new definitions will
be studied in order to provide Galois connections preserving the flexibility of
the generalized quantifiers. In addition, these new operators will be applied to
particular real cases, such as in renewable energy and digital forensic datasets.
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